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Slope, Rate of Change, and 
Steepness: Do Students 
Understand These Concepts?

how do we mathematics teachers introduce 
the concepts of slope, rate of change, and 
steepness in our classrooms? Do students 

understand these concepts as interchangeable 
or regard them as three different ideas? Here 
we report the results of a study of high school 
Advanced Placement (AP) Calculus students who 
displayed misunderstandings about the meaning of 
these three concepts. We then share an example of 
a typical rate-of-change problem commonly found 
in mathematics textbooks that may contribute to 
the development of these misconceptions. Finally, 
we provide a classroom task that supports the dis-
cussion of the differences among these three con-
cepts, and we ask readers to reflect on ways to help 
students differentiate among them. 

The National Mathematics Advisory Panel 
(2008) has noted, “Algebra has emerged as a cen-
tral concern, for it is a demonstrable gateway to 
later achievement” (p. 3). Rate of change is one of 
many algebra topics that are essential for students 
to understand as they progress into higher-level 

mathematics. Linear rate of change is a founda-
tional concept introduced in middle school and 
encountered throughout high school mathematics. 
It is typically examined each year as students’ study 
of linear functions continues to evolve. 

Researchers have found that students at vari-
ous levels have difficulty conceptualizing the idea 
of rate of change (Carlson et al. 2002; Herbert and 
Pierce 2008; Orton 1984; Thompson 1994; Ubuz 
2007; and Wilhelm and Confrey 2003). These 
researchers have all noted that students are typi-
cally introduced to rate of change through the slope 
formula. Further, students tend to practice input-
ting numbers and calculating the slope of a line 
with little or no focus on interpreting the meaning 
of the result within a given context and with little 
consideration for units of measure. Generally, stu-
dents are introduced first to slope and later to rate 
of change; perhaps students are not making the 
connection between these two concepts.

We focus on students’ work on an open-ended task 
used to gather data about their understanding of rate 
of change. The students in our study followed two 
different curricular paths to calculus yet had similar 
misunderstandings about rate of change. 

stUDents’ PrecaLcULUs cUrricULUM
In 1992 the National Science Foundation (NSF) initi-
ated a wave of major mathematics education reform 
by funding five secondary school mathematics cur-
riculum projects. Although each curriculum series 
is different, they all include one common feature—
the integration of mathematics topics to promote 
students’ connections across and within these top-
ics. In contrast with the traditional subject-specific 
sequence—first-year algebra, geometry, second-year 
algebra, and precalculus—integrated mathematics 
curricula allow students to study algebra, geometry, 
and data analysis in each year of secondary school. 
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In our study, conducted in two secondary schools 
within the same district, we focused on 191 students 
who had completed four years of college preparatory 
mathematics and had enrolled in AP Calculus. Of 
the 191 students, 134 had followed single-subject 
curricula (hereafter referred to as APSSC) and had 
used three textbooks from the University of Chicago 
School Mathematics Project—Algebra (McConnell 
et al. 1996); Geometry (Usiskin et al. 1997); and 
Advanced Algebra (Senk et al. 1996)—and a fourth 
book, Precalculus Enhanced with Graphing Utilities 
(Sullivan and Sullivan III 2006), for their precal-
culus course. The other 57 students had followed 
integrated mathematics curricula (hereafter referred 
to as APIC) and had used the four books of Contem-
porary Mathematics in Context: A Unified Approach 
(Coxford et al. 2003), the Core Plus Mathematics 
Project textbook series. 

A precalculus teacher adapted the Piecewise 
Function task (see fig. 1) from a released 2003 AP 
Calculus free-response item. The three AP Calcu-
lus teachers at the two schools believed that their 
students should know and understand the math-
ematical concepts needed to solve this task before 
beginning AP Calculus. To assess students’ under-
standing, the teachers had their students complete 
the task during class time at the beginning of the 
AP Calculus course, before any instruction. 

How well would your students be able to answer 
the questions in the Piecewise Function task? 
What misunderstandings might you expect them to 
display when solving this task? What implications 
would their answers have on your teaching? 

STUDENTS’ ERRORS
We scored students’ work using a rubric developed 
by collaborating mathematicians and mathematics 
educators. Partial credit was awarded on the basis 

Fig. 2  examples of student errors on the rate of change for question 1, the Piece-

wise Function task, indicate a variety of misconceptions about the relationships 

among slope, rate of change, and steepness.

1. For what interval(s) of x does f (x) have a rate of change of 2? 
Explain how you got your answer. 

(a)

(b)

(c)

(d)

Let f(x) be a function defined on the closed inter-
val [0, 7]. The graph of f(x), consisting of four 
line segments, is shown at left.

1. For what interval(s) of x does f(x) have a rate 
of change of 2? Explain how you got your 
answer.

2. On which interval of x is the rate of change of 
f(x) the greatest? Justify your answer.

3. Write the piecewise function for f(x).

4. Find the values of x for which f(x) = 1. Explain 
how you got your answer.

Fig. 1  the Piecewise Function task given to aP calculus students was taken from the 2003 aP exam.
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of a student’s explanation and answer for each 
question. Then we conducted a qualitative analysis 
of students’ responses to identify students’ errors 
within and across the two curricular paths. 

Question 1 of the Piecewise Function task asked 
students to determine on what interval or intervals 
of x the function had a rate of change of 2 and to 
explain how they determined the interval or inter-
vals. This question was answered correctly by 72 
percent of the APSSC students and 42 percent of the 
APIC students. In contrast, 24 percent of the APSSC 
students and 47 percent of the APIC students incor-
rectly listed other intervals as having a rate of change 
of 2: the intervals [0, 2] and [2, 4] and the interval  
[0, 4]. Two explanations students gave for choosing 
the intervals [0, 2] and [2, 4] were these: The slopes 
(2 and –2) were different for these two segments 
but the rates of change were the same (see fig. 2a); 
and the rates of change were the same for the two 
lines even though the directions of the segments 
were opposite (see fig. 2b). Although these students 
responded with the incorrect intervals, they did indi-
cate that the two segments had different slopes. 

On question 1, 9 percent of the APSSC students 
and 21 percent of the APIC students identified 
the interval [0, 4] as having a rate of change of 2. 
Although these students had explanations similar 

to those of the students who chose the intervals 
[0, 2] and [2, 4], they added that the rate of change 
was the absolute value of the slope (see fig. 2c). It 
is also important to note that these 24 students did 
not recognize that something unique was happen-
ing at the point x = 2—that is, the slope is unde-
fined there. Instead, students collapsed the two 
intervals into one interval: [0, 4]. 

Question 2 of the Piecewise Function task asked 
students to determine on what interval of x the 
function had the greatest rate of change and then to 
justify their answer. For this question, 50 percent 
of the APSSC students and 28 percent of the APIC 
students answered correctly. After administering 
the task, we realized that the word greatest could 
have multiple meanings, depending on students’ 
conception of rate of change. For example, greatest 
could be interpreted as the largest magnitude, as 
in the sciences. However, because this task had no 
context, we scored the meaning of greatest as the 
largest number (e.g., 2 being greater than –2).

Table 1 lists the errors that students from both 
curricular paths made when answering question 
2. Students’ errors and arguments were similar to 
those they gave in response to question 1; some 
students focused solely on the magnitude (absolute 
value) of the change. However, 6 percent of all 
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students (6 APSSC students and 5 APIC students) 
who incorrectly responded to question 1 with 
either the intervals [0, 2] and [2, 4] or the inter-
val [0, 4] gave a correct answer to question 2. We 
hypothesized that the word greatest in question 2 
may have led students to compare the values—not 
just the magnitudes—of 2 and –2. 

For question 2, 24 percent of the APSSC students 
and 16 percent of the APIC students identified the 

interval [0, 4] as the interval that had the greatest
rate of change. The percentage of APSSC students 
who chose the interval [0, 4] on question 2 was 
more than twice the percentage of those who chose 
that interval on question 1. More than 80 percent of 
all students (both APSSC and APIC) who identified 
the incorrect interval [0, 4] on question 2 reasoned 
that the slopes of the graph were different but that 
the rates of change were equal (see fig. 2d). 

To summarize, regardless of their curricular 
path, both APSSC and APIC students displayed 
confusion about the meanings of slope, rate of 
change, and steepness in relation to the given graph. 
Students from both groups who answered incor-
rectly disregarded the sign of the slope as impor-
tant when answering questions about the rate of 
change. A smaller portion of students from both 
groups gave no indication that the slopes for the 
two line segments [0, 2] and [2, 4] were different.

VOCABULARY IN TEXTBOOKS 
AND CLASSROOMS 
In this section, we discuss issues that curriculum 
developers and teachers should consider. Specifi-
cally, we focus on the vocabulary used in textbooks 
and in the classroom, and we call attention to situ-
ations outside the mathematics classroom that may 
contribute to how students conceptualize and use 
the terms slope, rate of change, and steepness. 

The vocabulary used in textbooks and by teachers 
for rate of change is important and may, in fact, have 
contributed to students’ errors and misunderstand-
ings. In our study, 37 percent of students did not 
identify the correct interval of x when asked to find 
where f(x) had a rate of change of 2 on the linear 
piecewise-function graph. The explanations students 
gave suggest that they have an incomplete under-
standing of the concepts of slope, rate of change, and 
steepness and of the relationships among them. 

A cursory search for these three terms in the 
two textbook series used by the students in this 
study revealed instances in both curricula where 
the terms slope, rate of change, and steepness were 
used interchangeably. However, our analysis of 
students’ responses to the Piecewise Function task 
suggests that students do not understand the terms 
as interchangeable; rather, they understand them 
as three different concepts that are not connected. 
We must help students understand the important 
differences in these terms and make correct con-
nections among them.

The steepness of a line, for example, refers to a 
visual perception of the graph. To quantify steep-
ness, students tended to calculate the slope of the two 
line segments and compare the values, disregarding 
the sign. In contrast, the slope and rate of change 
are values that quantify the relationship between 

Table 1 Errors on Question 2 

Errors % APSSC 
Students 

(N = 134)

% APIC 
Students 
(N = 57)

Students included the interval [2, 4] 15 30

Students chose the interval [0, 4] 24 16

Fig. 3  The Price of Stock task presents another opportunity to ascertain students’ 

understanding of the relationships.

Price of Stock

Let f(x) be the function defined as the price of stock in dollars at a 
given time in minutes since 9:30 a.m. The graph of f(x), consisting of 
nine line segments, is shown above.

1. Find the rate of change over the following intervals for x and inter-
pret the meaning of the rate of change in the context of the problem.

 (a) [0, 20]

 (b) [40, 60]

 (c) [80, 100]

 (d) [120, 140]

2. On which interval(s) of x is f(x) the steepest? What is the meaning 
of the steepness of the graph in the context of the problem?

3. Are the steepness and rate of change of f(x) the same on any intervals 
of x? What is the difference between rate of change and steepness? 
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tual situation in which a person’s distance from 
home is expressed as a function of time. We may 
be interested in (a) the person’s speed (absolute 
value of the rate of change), (b) the person’s veloc-
ity (rate of change), (c) the amount of time it takes 
him or her to travel a given distance, or (d) how far 
he or she traveled in a given time period. Thinking 
about the graph in the Piecewise Function task as 
a distance-versus-time graph, we can understand 
why some students might respond that the slopes 
are different but that the rates of change are the 
same. In this situation, the sign of the slope gives 
information about the direction the person is going 
(away from or toward home), but we typically pro-
vide a positive number when reporting the speed 
(rate of change) that a person travels. 

a tasK to ProMote DeePer 
UnDerstanDing
We conclude with a sample task for teachers and 
curriculum developers to consider using in their class-
rooms and in textbooks to help students understand 
the difference between rate of change and steepness. 
The Price of Stock task (see fig. 3) helps students 
understand the importance of the sign in the rate of 
change and provides a meaningful context for inter-
preting the rate of change. The task also helps students 

the independent and the dependent variables. The 
sign of either the slope or the rate of change provides 
information about this relationship. For example, if 
the sign of the rate of change is negative, then as the 
independent variable increases, the dependent vari-
able decreases. We recommend that teachers and cur-
riculum developers use the terms slope, rate of change, 
and steepness correctly so that we can help students 
understand the subtle distinctions among them. 

Often, students are asked to consider the steep-
ness of a house roof and relate it to the number that 
is generated by using the slope formula. Students 
discover that the steeper the roof, the larger the 
number; similarly, the flatter the roof, the smaller 
the number. However, these numbers are generally 
positive. Although there is nothing wrong with using 
the contextual situation of a roof’s steepness to intro-
duce slope, we must help our students understand 
that the slope of a line is calculated according to a 
particular orientation and that the sign of the slope 
indicates whether the line goes up or down (moving 
from left to right). One way to extend this example 
and help students focus on the sign in addition to the 
steepness is to ask them to find the slope of the other 
side of the roof and compare it with the original. 

 Examining how rate of change is used in other 
disciplines is also important. Consider the contex-
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see that although there are two intervals (from 0 to 20 
and from 80 to 100) where the graph is the steepest, 
the meaning of steepness is different from the meaning 
of rate of change. After discussing students’ work on 
this or similar tasks, we can ask students questions to 
help them generalize and deepen their understanding 
of slope, rate of change, and steepness: 

•	 What	does	the	rate	of	change	represent	in	a	par-
ticular situation? 

•	 What	does	the	sign	of	the	rate	of	change	repre-
sent? Is the sign important? Why or why not?

•	 Are	slope and rate of change different terms for 
the same concept?

•	 To	what	does	the	steepness	of	a	line	refer?	
•	 How	are	slope,	rate	of	change,	and	steepness	

similar? How are they different?
•	 In	what	situations	would	each	term	be	appropri-

ate and useful?

Listening to students’ responses to these questions 
will help teachers better understand how students 
think about rate of change. By providing students 
with tasks that challenge their thinking and stimulate 
discussion, we can promote a deeper understanding 
of rate of change. This approach will give students 
a firmer foundation on which to base higher-level 
mathematics and interpret the world around them.
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